Quantum thermal transport in two-quantum-dot system with Dzyaloshinskii-Moriya interaction (DM interaction) has been studied. The sign of thermal rectification can be controlled through changing the energy splitting or the DM interaction strength. The anisotropic term in the system can also affect the sign of rectification. Compared with other proposals [L Zhang et al, Phys. Rev. B 80, 172301 (2009)], our model can offer larger rectification efficiency and show the potential application in designing the polarity-controllable thermal diode with a small size system (N=2). Moreover, quantum correlations of two-quantum-dots are investigated. We find that almost perfect quantum correlations can be obtained in the large temperature bias region, and quantum entanglement is more sensitive to the change of the DM interaction strength than quantum discord.
I. INTRODUCTION
Thermal diode is a very important thermal devices [1] [2] [3] . It has extensive application in phonon information [4] . The heat current flow can be induced in a unidirectional way, and can be regarded as the basic part in controlling the large-scale heat flow. So far, many proposals have been raised to design a thermal diode by different models, such as Frenkel-Kontorova lattice and spin chains [2, 7, 8] . In all these designs, the different lattice sizes will influence the heat current flow significantly between the two reservoirs. In the spin chain model, the polarity of the thermal diode can be controlled by modulating the spin energy gap at different sites or changing the anisotropic interaction strength between the adjacent spins. The efficiency of the thermal diode model can be measured by thermal rectification (R). In the six-spin-chain system, the thermal rectification R can reach the value from -0.5 to 0.3 by adjusting the system variables, and the different signs of R means the change of the thermal diode model polarity. However, as studied in Ref. [7] , it is not likely to control the thermal diode model polarity in the small system with the spin number N ≤ 4.
Recently, the problems of the interaction between the quantum-dot system and the thermal environment have attracted a lot of attention [9] [10] [11] [12] , for the quantum-dot system display its advantage in its scalability and long coherence time [9] . Due to the quantum tunnel effect in the quantum-dot system, the spin-spin interaction and the spin-orbit interaction will play an important role [10, 13] . Moreover, when the material possesses the * Electronic address: xbwang@mail.tsinghua.edu.cn reversal asymmetry, the coexistence of the superexchange interaction and the spin-orbit interaction will induce a new interaction so called Dzyaloshinskii-Moriya (DM) interaction [14] [15] [16] [17] [18] . It has been verified [14, 15] that DM interaction can result in the change of the spin alignment in the material, and many problems of the quantum-dot system containing the DM interaction have been investigated already [10, 11, 13] .
In this paper, we study extensively the heat transport problem in the two-quantum-dot system containing the DM interaction. We calculate the heat current in the steady state limit and analyze the heat current contributions of the different system states. We propose a polarity-controllable thermal diode in this two-quantumdot system. Thermal rectification of this diode model is studied. We find that, in this two-quantum-dot system, thermal rectification R can reach the value from -0.3 to 0.35, through changing the DM interaction strength. Compared with the six-spin-chain proposal, thermal rectification R in our proposal is larger than several cases in the spin-chain proposal. Based on this two-quantum-dot system, we can realize the reversal of thermal rectification in small system case. Besides, the quantum correlations are calculated for the steady state. We find that, compared with the quantum discord, the quantum entanglement is more sensitive to the DM interaction. Perfect quantum entanglement and quantum discord can appear in the large temperature bias region, not only in the two zero reservoirs [10] . Consider a two-quantum-dot system and two thermal reservoirs as shown in Fig. 1 . The left quantum dot interacts with the left reservoir only, and the right quantum dot interacts with the right reservoir only. The total Hamiltonian is [10, 11] ,Ĥ =Ĥ s +Ĥ BL +Ĥ BR +Ĥ SBL + H SBR . Here, H s is the two-quantum-dot system Hamiltonian, H Bν is the reservoir Hamiltonian, and H SBν is the interaction between the reservoir ν and the system. We consider the anisotropic interaction and the DM interaction between the two-quantum-dot system, and neglect the second order spin-orbit interaction. The system Hamiltonian is [10] ,
where, the parameter χ describes the anisotropy term in the system spin xy plane, the parameter D stands for the DM interaction between the two-quantum-dot system, and the energy gaps of the left spin and the right spin are respectively. In our case, the reservoir consists of a collection of non-interacting oscillators. The parameter ω n labels different oscillator frequency. The system-reservoir interaction strength g ν n denotes the interaction between the spin ν and the oscillator of frequency ω n in reservoir ν. The reservoir Hamiltonian H Bν and the system-reservoir interaction Hamiltonian H SBν can be written as [10] ,
We want to investigate the system properties in the steady state limit. The eigenvalues and the corresponding eigenvectors of the system Hamiltonian are [10] ,
Here, the state |0 and |1 are the spin of upper level energy and spin of lower level energy, respectively. The coefficients N ± , M ± , ξ, and η satisfy the relation
. We now rewrite the system components in the systemreservoir interaction Hamiltonian H SBν in the new basis
2ηξ . We apply the master equation method to solve the system dynamics. We obtain the system time evolution function by the second order approximation in the interaction picture [19, 20] ,
In our calculation, we assume the weak interaction of the system and the reservoirs. The Markov approximation is applied, and the reservoirs keep in its thermal equilibrium throughout the evolution. Our goal is to see the system steady state behavior in the long time limit, we can neglect the coherence term in the system. Under these conditions mentioned above, we can get the Pauli master equation related to the system state population ρ nn (n=1, 2, 3, 4),
Where
, and the rates k n→m are,
Here, n ν B (ω) denotes thermal distribution of the reser- 
Given the system steady states obtained above, we can now formulate the expression of the heat current.
B. Results
Heat current. The symmetric expression of the heat currentĴ is defined as [19] 
in our case, the heat current can be written as
and
Thermal rectification control by DM interaction. Under different temperature bias (∆T = T L − T R ) case, the control of the thermal rectification with system DM interaction strength is shown in the Fig. 2.(a) . The mean temperature of two reservoirs is, T M = 1/2(T L + T R ). As defined by Ref. [8] , thermal rectification R satisfies the relation,
where the forward heat current J + is the heat current (from left to right) when the reservoir at higher temperature is connected to the left quantum dot, and the backward current J − is the heat cuurent (from right to left) when the left quantum dot is in contact with the reservoir at lower temperature. The energy gaps of the two quantum dots are not equal. From Fig. 2. (a) , the thermal rectification R will change from the positive value to the negative value after the DM interaction strength reaches a critical value D cr1 . This means one can obtain rather different heat current through adjusting the DM interaction strength. The different system states population with the change of the DM interaction strength are shown in Fig. 2. (b) . When the DM interaction strength is not strong, the system populates mainly at the lowest eigenstate |ε 4 . The population of the eigenstate |ε 2 rises with the DM interaction strength. Values of J +,n and J −,n are shown in Fig. 2. (c) . To illustrate the contribution of four different system states to the thermal rectification, Define J net as,
where J +,n is the heat current contributed by the system state |ε n (from left to right) when the left quantum dot is in contact with the reservoir at higher temperature, and J −,n is the heat current contributed by the system state |ε n (from right to left) when the left quantum dot is connected with the reservoir at lower temperature. We display the values of J net in Fig. 2. (d) , in the region of the weak DM interaction strength, state |ε 2 provides the negative net heat current, and the net heat current contributions from state |ε 4 is positive. The heat current contribution from state |ε 4 is more notable than that from state |ε 2 . The heat current contributed by state |ε 1 and |ε 3 are negligence. So according to the formula of the thermal rectification above, the thermal rectification value is positive when the DM interaction strength is small. After the DM interaction strength reaches the critical value D cr1 , the contribution of |ε 2 J net,2 is positive, and the heat current of |ε 4 J net,4 is negative. The major contribution is from |ε 4 , and the sign of thermal rectification will change to the negative sign. In our two-quantum-dot system, the lowest system eigenstate changes from state |ε 4 to state |ε 2 when the DM interaction strength reaches the critical value D cr2 . We find that the net heat current contribution of state |ε 2 is negative, and state |ε 4 provides a positive contribution. When DM interaction exceeds critical value D cr2 , J net is mainly contributed by state |ε 2 . From the analysis above, we find that the lowest eigenstate of the two-quantum-dot system makes the major contribution on the thermal rectification. Through modulating the DM interaction strength, we can change the sign of thermal rectification to control the polarity of thermal diode. Magnetic field effect. In our model, the magnetic field affect the energy gap of the quantum dot. We choose the parameters that the energy gap of the left dot is not zero, and the energy gap of the right one is zero. Different anisotropic system conditions are shown in Fig. 3 . The two different situations are described in Fig. 3. (a) and Fig. 3. (b) with the DM interaction strength being zero and four respectively. From the figure, we find that the sign of the thermal rectification changes around certain value of external magnetic field. In different anisotropic situations, the sign of thermal rectification will change at different critical value of external magnetic field. So, we can realize the reversal of the thermal diode model polarity by adjusting the external magnetic field in our two-quantum-dot system, also.
III. QUANTUM CORRELATION
Quantum entanglement. To qualify the quantum properties in the steady state, we use the concurrence to measure the quantum entanglement. Given the final X states, we have the analytic result of the concurrence C(ρ AB ) as [21] , Quantum discord. Correlation in the quantum aspects of the bipartite system can also be measured by quantum discord. The system quantum discord is defined as [22] ,
The quantum mutual information I(A : B) has the form as, I(A : B) = S(ρ A ) + S(ρ B ) − S(ρ AB ). The expression S(ρ) is the Von Neumann entropy of the destiny matrix ρ, satisfy S(ρ) = −T r(ρ log ρ). ρ A and ρ B are the reduced destiny matrix of the system X state density matrix. The Classical correlation C cor (ρ) satisfies the equation
, and the last term min Bi [S(ρ|{B i })] is the condition entropy. We study the relation between the quantum correlation and the DM interaction strength. From Fig. 4 , it is seen that quantum entanglement is more sensitive to the DM interaction strength than quantum discord, and perfect quantum correlation can be got within the small increment of the DM interaction strength. Almost perfect quantum entanglement and quantum discord can be obtained in the large temperature bias region in our model, see in Fig. 5 . The corresponding four system states population are shown in the Fig. 6 .The reason for the high value of the quantum correlations is that almost all system population are at the system state |ε 2 .
IV. CONCLUDING REMARKS
We study the nonequilibrium two-quantum-dot system with the DM interaction extensively. The behavior of the heat current, quantum entanglement and quantum discord have been investigated. We find that we can control the thermal rectification by two types of modulations, one is adjusting the system DM interaction strength, and the other is regulating the energy gap of two-quantumdot system. This provides a possible new way to design a polarity-controllable thermal diode. Compared with the spin-chains model studied before [7, 8] , this two-quantumdot model can offer large thermal rectification when the size is small (N=2). This two-quantum-dot system can be used to build small size phonon devices, and has a potential application in the phonon information. 
